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Abstract. We show the irredundancy, necessity and sufficiency of inequali- 
ties corresponding to intersections whose "Witten Bundle" is polyrigid for the 
product of unitary matrices problem 0, |2]. The irredundancy problem in the 
classical case (in a stronger form) is due to Knutson, Tao and Woodward. Our 
methods (specialized to the classical case) are different from 1^ . 



Introduction 

In pP and P] the following problem was considered. Let Ai, . . . , Ag, he conjugacy 
classes in SU{n), find conditions on these so that there are elements Ai € SU{n) 
with conjugacy class of Ai in Ai and 

AiA2...As = 1 

This problem is in a natural way related to unitary representations of the fun- 
damental group of — {pi, . . . ,ps} where {pi, . . . ,ps} is a set of distinct points on 
P^. The answer to this question involves Quantum Cohomology of Grassmannians. 
Recall the principal result in 

Theorem 0.1. Let Ai,l — l,...,s he conjugacy classes in SUin). . Then there 
exist Ai G SU{n)with conjugacy class of Ai in Ai and A1A2 . . . Ag = 1 if and 
only if given any integers 1 < r < n,d > 0, subsets , . . . P of {1, . . . , n} each of 
cardinality r, such that the Gromov- Witten number 

(cT/i, . . . , cr/.)<j = 1, 

the inequality^ 

l=s 

^Xii{Ai)~d< 

holds. 

Let us name the inequality corresponding to the data {d,r, , . . . , I'^) as 
Ineq{d,r, , . . . , I"). So according to the theorem above the set of inequalities 
Ineq{d, r,I^ , . . . ,1^) satisfying 

(cT/l, . . . ,o-/.)d = 1 

form a necessary and sufficient set of inequalities defining the desired set. 

The reduction to the set of inequalities corresponding to intersection = 1 was 
made using the existence of Harder-Narasimhan filtration. The natural question 
at this point is whether there are more such conditions and to find an irredundant 

^2000 Mathematics Subject Classification 14N15, (14N35), 14D20 

^Key words and phrases Grassmann variety 

"'^See section fl. 81 for the notation, and the definition of \i{A). 
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(and sufRcient) set of inequalities for this problem. Showing irredundancy of an 
inequality entails the construction (and is equivalent to it^ ) of regular"^ elements 
Ai in SU(n) with product = / for which a given inequality turns into an equality. 
So we need a source of unitary representations of 7ri(P^ — {pi, . . . ,ps}) to prove 
irredundancy statements. 

Recall the theorem of Witten which associates a moduli space of parabolic bun- 
dles on to a GW number (these results are summarized in ll.7|l . 

We describe the main results of this paper: 

(1) There are more such conditions. We show that if Ineq{d,r, , . . . ,P) is 
a necessary inequality the then the associated Witten moduli space of 
parabolic bundles is a point. 

(2) We show that the Ineq{d, r, J^, . . . , /^) which have associated Witten mod- 
uli space a point are irredundant. In fact we produce weights for which the 
subbundle corresponding to Ineq{d,r, , . .. ,P) is the only contradiction 
to semistability (among all subbundles). 

Definition 0.2. We will call an inequality Ineq{d,r, , . . . for which the as- 
sociated Witten moduli space is a point to be a polyrigid inequality. That is, the 
"associated" unitary representation of the fundamental group o/P^ — {pi, . . . ,ps} 
is a direct sum of rigid representations (in the sense of N. Katz [H|^- This is a 
computable property (see \1.2^ . 

Remark 0.3. It is not known whether 

(cT/i, . . . ,cr/a)d = 1, 

implies that the associated Witten moduli space is a point. We will call this the 
Intersection rigidity question (IRQ). The classical part of this is Fulton's conjecture 
(theorem of Knutson-Tao- Woodward) . 

In the basic form the idea for showing irredundancy is simple: Suppose 

(cT/l, . . . ,o-/s)d = 1 

and is polyrigid. We get a parabolic structure on the point of intersection V C 
T = O®" by the easy part of the Quantum Horn conjecture. We can extend this 
structure to T in a minimal way (see definition 14.21 for the definition of minimal 
extension) and hope that this should be a structure which is not semistable and 
V is the only contradiction to semistability. This works out in this form if both V 
and its Grassmann dual are stable. For the rest of the cases we need an induction 
apparatus. 

In section 11.11 we recall the setting for IRQ. We recall the definition (which 
has appeared in 0) of generalized Gromov- Witten numbers of Grassmannians (in- 
stead of looking for subbundles of the trivial bundle we generalize to subbundles of 
"Generic bundles"). Computationally these can be recovered from the usual GW 
numbers. 

In section Fl. 21 for future reference we make explicit Grassmann Duality for these 
generalized Gromov- Witten numbers. 

^Lemma ll.:^^ 

■^That is, having distinct eigenvalues. 

^In fact if the subbundle corresponding to it is the Harder-Narasimhan element for some choice 
of weights 
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In section [T31 we make the most "liberated" definition of parabolic bundles with 
as few conditions as possible (the weights need not be between and 1, but just 
that the pairwise difference of weights at any point is < 1 in absolute value). And 
we recall the construction of Harder and Narasimhan ^ of maximally destabilising 
subbundles with this notation. 

In section Fl. 71 we recall our construction from of a pre-parabolic bundle from 
points of intersection corresponding to a generalized Gromov-Witten number. It is 
the easy case of the Quantum Horn conjecture that this bundle is semistable. We 
also recall the theorem of Wittcn which shows that GW numbers are the dimensions 
of global sections of certain line bundles over suitable moduli spaces (this is the 
quantum generalization of the connection between representation theory of GL{r) 
and intersection theory on Grassmannnians). In section 1.5 we have a warm up 
for the geometric study of saturation phenomena, by a geometric proof of the easy 
part of the (quantum) saturation conjecture. This setting is needed for the proof 
of redundancy of inequalities which violate (IRQ). 

In section Fl. 81 we recall the main theorems from 0, on eigenvalue problems 
and state them in a form applicable to pre-parabolic bundles. We make the im- 
portant definition of 'polyrigid inequalities'. These are inequalities coming from 
intersections whose associated Witten ^ moduli space is a point. We first discuss 
what redundancy means, and prove a condition equivalent to the irredundancy of 
an inequality. 

In section El we show that the inequalities that are not polyrigid are redundant. 
In fact there do not exist any choice of weights for which they are a part of the 
Harder-Narasimhan Filtration (not just the first one). 

In Section |21 we compute dimensions of parabolic moduli spaces under the as- 
sumption that there is a stable point in the moduli space. Now assuming that the 
moduli space is a point^ (it is always connected and irreducible) we construct an- 
other remarkable choice of weights (called rigidity weights) on the same parabolic 
bundle. We show that for this new weights the structure is stable. 

The true origin of this structure is the following: Assuming 

. . . ,cr/.)d 7^ 

and the Grassmann duals of these cycles normalised (see definition II. 12() . and with 
notation as above, we have a parabolic structure on V, which we extend to T in the 
minimal possible way. hence there is a parabolic structure on Q = -y. These turn 
out to be the rigidity weights for the Grassmann dual parabolic structure (which 
is on Q*, and hence on Q). 

In section 0] we start working towards results on Irredundancy. We show that 
irredundancy of the polyrigid inequalities follows from a structural theorem on 
polyrigid intersections ftheorem 14.1(1 . 

In section Owe give examples for the irredundancy construction of section^ 
The proof of theorem 14. II is carried out in section We establish a general the- 
orem on Jordan Holder filtrations and use this to get an inductive grip on polyrigid 
inequalities. 



The easy part of Quantum Horn conjecture essentially follows immediately from a theorem of 
Witten, but the actual construction of a bundle corresponding to a quantum intersection is in 
''That is assuming rigidity. 
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Our proof of irredundancy of the polyrigid inequalities is by (almost explicitly) 
displaying situations were all but one inequality is true. And these situations come 
from the easy part of the Quantum Horn conjecture. We are unable to compare 
our 'examples' of irredundancy with those in [5] (or in 0). 

Although IRQ remains an important open problem, the problem of a provably 
irredundant (and sufficient) set of inequalities for the eigenvalues of product of 
unitary matrices has been solved. IRQ is a problem on the intersection theory side. 

We would like to acknowledge the influence^ of [Hj, [HI on this work. The classical 
part of redundancy of inequalities which violate IRQ appears in in the language of 
quivers. They prove this statement^ by methods which seem different from ours. We 
thank S. Kumar, C. Woodward for some useful conversations and encouragement. 
The author was partially supported by NSF grant DMS-0300356. 

1. Some generalities 

1.1. Generalized Gromov-Witten numbers. We recall the definition of Gromov- 
Witten invariants and also define some more general numbers. 

Let ,P , . . . ,P be subsets of {1,2,..., n} of cardinality r andpi, . . . ,Ps general 
points of . Let yy = OJJi . The Gromov-Witten number 

(cT/l, . . . ,0-/s)(i 

is defined to be, for generic flags F(yVp, ). on Wp, (/ = 1, 2, . . . , s), the number of 
subbundles V of W whose fiber Vp, C 1%, lies in the Schubert cell 0°, (-F(>VpJ. ) , I = 
1, . . . , s (the number is defined to be zero if there is a positive dimensional family 
of these). 

Generic bundles on P^: 

Definition 1.1. A bundle V on is called generic if in any family Vt of defor- 
mations ofVo=V over a base T , there is a Zariski open neighborhood U of t = 0, 
so that Vt is isomorphic to V for t ^ U ^ , £nd{V)) = <^ V = ©e'pi(aO 

with every \ Oi ~ Oj | < 1 . 

It is easy to sec that there are generic bundles of every degree and rank. Let 
QD,n be the generic bundle of degree —D and rank n. 
We can therefore define 

(a/l, . . . ,(Jl=)d,D,n, 

by replacing in the previous definition Opi by Gd.u- 

We note the following 'transformation formulas' which show that these numbers 
can be obtained from the usual ones. 

(1) Let ni, . . . ,ns be numbers in {0, . . . ,n — 1}. Let . . . , J'* be subsets 
of {l,...,n} each of cardinality r. Let ki be the cardinality of the set 
{m e /' I u < ni}. 

{ail, ... , (Tl^)d,Dm = (f/i-m, • ■ • , Cri'-nJd-J2 ki,D-Yl ni,n- 



^We have not used any of their results, but the possibiUty of obtaining irrdundancy results 
which is a priori a bit far fetched comes from their work. 

^The classical part of IRQ is Fulton's conjecture, which is a theorem of Knutson, Tao and 
Woodward. 
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(2) 

(CT/I, . . . ,cr/s)d,£),„ = (CT/I, . . . , (T/s)d+r,£)+„,„. 

1.2. Grassmann Duality. Let be a n-dimensional comples vector space. In 
this section we denote the dual of a vector space V by V*. We have a natural 
isomorphism 

dual : Gr{r, W) Gr{n - r, W*) 

obtained by taking V C W to (W/V)* C W* . 

A complete flag F, on W gives rise to a complete flag G. on W* . Gn-i = kernel 
of W* ^F^^. 

Lemma 1.2. Let / = {ii < Z2 < • • • < ir} C {1, . . . ,n}. Let 

J = dual{I, n) = {a G {1, . . . ,n} \ n + 1 — a ^ I}. 

Then 

dual{ni{F.)) = nj{G.). 

Proof. Let V e ili{F.) (a generic point), and T = dual{V). dim{T n Ga) = 
dim{Ker{W/V)* ^ F*_J = dim{coker{Fn-a ^ W/V)) = {n-r)-dim{Fn-a/Fn-an 
V) so dim{T n Ga) ^ dim{T n Ga-i) if and only if 

n — a — dim{Fn-a nV) n — a + 1 — dim{Fn-a+i n V) 
that is dim{Fn-a+i CiV) — dim{Fn-a DV) 1 or that n — a + 1 ^ L □ 

It is easy to check that V* £, is Vn,-D- Given a subbundle V of T = Vn,D, we get 
a subbundle (T/V)* C T* and deffree(T/V)* = -(de5(T) -rfe5(V)) = D + deg{V). 

Lemma 1.3. Let J^,...,/" be subsets of {l,...,n} each of cardinality r. Let 

j' = dual{P,n) as defined in the previous lemma. 
We then have 

(cT/i , . . . , Cris)cl^j:,,n = (o'ji, . . . ,0-Js)(i-D,-D,n 

1.3. Pre-Parabolic bundles. 

Definition 1.4. Let T be a bundle of degree —D and rank n on a curve G (smooth 
projective) endowed with s complete flags on the fibers at the points pi,. . . ,Ps and 
weights 6^ : I = 1, . . . s; a = 1, . . . n so that for any I 

0[ > 02 > ■ ■ ■ > > 0[ - 1. 

(No other assumptions). Call this data a pre-parabolic bundle. Also define 6q = 
6l^ + l. (the pre suffix is because we have not put any absolute bounds on the 9[.). 

Remark 1.5. It is usual to take partial flag varieties and strictly decreasing weights 
above. But we have required full flags for ease of notation. However one can extract 
a partial flag variety at each parabolic point and a strictly decreasing choice of 
weights from each pre-parabolic bundle above. In particular isomorphism of pre- 
parabolic bundles will always be by disregarding the parts of the flag varieties where 
the weight does not jump. 
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Definitions of slope IJ-{T), stability and semistability can be made in the stan- 
dard way. Also subbundles and quotient bundles of pre-parabolic bundles get pre- 
parabolic structures in the standard way. 

The following lemma is standard. 

Lemma 1.6. Suppose T is a parabolic bundle on a, curve C and V a subbundle, 
Q the quotient. These acquire parabolic structures. Let W G T be a subbundle. 
Denote by W the saturation of the image ofW in Q, and parabolic slopes by fi. We 
then have: 

n{V)rankiW n V) + /x(VV)ranfc(VV) 
- rank{W) 

We come to the question of Harder-Narasimhan filtrations. We recall the original 
arguments and convince ourselves that they will go through in our context. Let 
T be a pre-parabolic bundle on (or for that matter any curve). If T is not 
semistable, we look for a subbundle V C T satisfying 

(1) V is semistable. 

(2) For any subbimdlc W of Q = T/V wc have /i(>V) < fi{V) 

Existence: Let V be the subbundle of maximum slope and maximum rank among 
all the subs with that slope. Existence of such a subbundle is standard. 

Uniqueness: Let Vi and V2 be two such (satisfying the conditions 1,2 above. 
Their slopes need not be the same), look at 

Vi ^ T/V2, 

with image W, let W be the closure of W to a subbimdlc of T/V2. We have a 
pre-parabolic structure on W coming from Vi, and one on W coming from T/V2. 
Our assumptions give 

(1) /i(W) > /i(Vi). 

(2) /i(w) < ^iiW) 

(3) /i(V2) > m(W) 

The first and second one are from the assumptions on Vi and V2- The one in 
the middle is once again okay because we are assuming the pairwise difference of 
e{ for fixed Z to be < 1. 

Hence ^(V2) > A*(Vi)) and also the symmetric opposite and hence a contradic- 
tion. Hence the uniqueness. 

(1) Let qi, . . .Qs be real numbers. Let = + ft- Then this new structure 
(T,weights) is (semi)-stable if and only if the previous one is, and the 

Harder-Narasimhan filtrations coincide (all the slopes change by the same). 
This can be used to normalise: i.e to assume 

a—n 
a=l 

for each I. 

(2) The basic operation in the transformation formula is invariant under this:Let 

T = mcromorphic sections s of T so that ts is a holomorphic section of 
T with fiber in F^^ at pi {t is a uniformising parameter there). T has s 
complete flags and weights (deflnition) same as those of T except at pi 
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^1 — • • • 1 = ^1 - 1- 

Then T is semistable if and only if T is semistable and the Harder- 
Narasimhan filtrations correspond to each other under the closing up oper- 
ation. 

1.4. The full Harder-Narasimhan Filtration. Let T be a generic parabolic 
bundle on of degree —D and rank n with parabolic structure at pi,...,ps. 
Suppose it is not semistable then there exists by iterating the procedure of the 
previous section a filtration 

c Vo c Vi c V2 c • • • c Vfc = r, 

where if we denote Qi ~ v~" have 

(1) Qi are semi- stable bundles. 

(2) MQi) < M(Qi-i)- 

The main observation^ is: each Vj is unique in its "Schubert position" . Namely 

if 

V, en?,(F.(TpJ) 

then {(7ji , . . . , (Tjs )d.D.n = 1 where d = —degree{Vi). 

Proof. We prove the stronger statement by induction: if Vj ^ W C T, rank{'W) > 
rank{Vi), then fi{W) < /i(Vi) which shows the uniqueness in the Schubert class of 

Vi immediately. 

Assume the contrary, assume /x(V) = /^(W). We will show W D Vi and by 
induction we will be done. Consider the map W — > T/Vi. 

(with quotient structures coming from W) 

We have(if Vi ^ W) 

(1) ^iiS) < m(Vi) = Ml 

(2) fi{£) < /x(Vi/Vi) = /^2- This is because C — > T/Vi is a map of parabolic 
bundles and by induction the saturation of the image has less parabolic 
degree than Vi/V (its rank is higher than that of Vi/Vi). 

So H(W) < '■°"fc(.S)/^i+ra«fc(£)^. jjj ^ ^ 

rank{S)iJLi + rank{C)iJ,2 ^ ranA;(Vi)/xi + rank{Vi/'mvi)iJ,2 
rank{S) + rank{jC) ~ rank{Vi) + rank{Vi/Vi) 
which simplifies to 

{rank{Vi)rank{C) — rank(S)rank{Vi/Vi)){iJi — 112) > 

But use /Lti > 1^2 and rank{S) + rank{C) > rank{Vi) + rank{Vi/Vi), so 

{rank{Vi)rank{jC) — rank{S)rank{Vi /Vi)) > {rank{Vi)rank{C) 

— {rank{S) + rank{C) — rank{Vi))rank{S) 

(ranfc(Vi) - rank{S)){rank{'W)) > 
because 5 C Vi and we are done. □ 



This is standard, in fact the stronger assertion below is an immediate consequence of the 
existence of the Harder-Narasimhan polygon. 
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1.5. Quantum Saturation. Let us recall the geometry of the saturation problem 
(the reader can assume = Z) = for a first reading) : 

First easy case of classical saturation via a geometric argument. Start with 

(CT/I, . . . ,ai^)d,D,n ^ 0. 

(and the case of expected dimension — 0) As before let T = Vn.D with s complete 
(and generic) flags on the fibers of T at pi , . . . , ps • Let V be a point of intersection 
above, let r = rankiy). Let Q = T /V. We have Fi(P\ Q) = 0. We also obtain 
flags on the fibers of V and Q at the parabolic points. 

The transversality at V translates to: (and is equivalent to) 



HOM {<P G Hom{V, Q = T/V) | (i^^a(Tp, )) C F,, _JQp,), 

I = l,...,s;a= l,...,r} 
being of the expected dimension 

expdim = r{n - r) + dn - Dr - ^(codim(f7°, {F.{Tp^))) ^ 0. 

I 

[see for a characterisation in terms of vector bundles for a nonvanishing GW 
number, HOM is just the intersection in the tangent space of the quot scheme at 
V of the various inverse images of Schubert cells. The tangent space to the quot 
scheme is Hom{V, Q) from Grothendieck's theory] 

(cT/l, . . . , 0-/s)d,_D,n 7^ 

(and the case of expected dimension = 0). As before let T = GD,n with s complete 
(and generic) flags on the fibers oi T a.t pi, ... ,ps. Let V be a point of intersection 
above, let r = rank{V). Let Q = T/V. We have H^^f^, Q) = 0. Consider 

T' ^V®Q®Q®---®Q 
where Q appears N times in the direct sum. 

V is a subbundle of T'. In the Quot scheme of subbundles of T' , V is a smooth 
point because of 

l=N 

H\F\Hom{V,T'/V)) ^ ^ H\P\nom{V, Q)) = 0. 

1=1 

It should be noticed that T' may not be a generic bundle. Note that 

(1) Rank(T') = r + N{n~r). 

(2) degree(r') = -{d + N{D - d)). 

One also gets s partial fiags on Q' ~ T/V by 

l=N 
1=1 

So that under each of the N natural maps Projy : Q' Q;v = 1, . . . ,N one 
has 

ProMFNaiQ')) C FaiQp,). 



EIGENVALUE PROBLEMS 



9 



One can now induce a partial flag on the fibers of T' at the s given points by 
for I ~ 1, . . . ,r. 

Extend this to a complete flag on 7^'^ for Z = 1, . . . , s so that the Schubert position 
of V is J' C {1, ... , N{n ~r)+ r}, with 

J' = {A <J2<---<jl},j'a^ N{t[ -a) + a. 
Claim: the point V C T' defines an isolated point in the appropriate intersection, 
hence we find 

7^0. (1.1) 

The reasons: Let U he a universal family of bundles of the same degree and rank 
as T'. Let u = define T' and let 7^' be the bundle corresponding to u € U. Let 
Quot be the scheme over U of Quotients of 7^' of the same rank and degree as Q'. 
It is standard that Quot is projective over U. We have 

(1) The subbundle V C T' defines a smooth point qo in the fiber of Quot over 
u — 0. The map Quot — > W is hence smooth at this point. The map is flat 
because the vanishing of H^{F^ ,Hom{V,T' /V)) removes all obstructions 
to motion (the obstructions all live in H^{P^ ,Ti,om{V, T'/V)) (see page 
31, 2.10.4 for an analogous assertion). 

(2) HOM corresponding to ll. H is a A^-fold direct sum of the HOM correspond- 
ing to 

(CT/I, . . . ,(Ji^)d^D,n ^ 0. 

when evaluated at V C T' with the above flags on T' and at V C T 
respectively. That is if, 

HOTh {0 e i/om(V, Q = T/V) | c^j>,{Fa{%,)) C i^,- -^(Qp,), 
Z = l,...,s;a=: l,...,r} 

then 

HOM2 := G Hom{V, Q' = T'/V) 1 0p,(F,(Tp,)) C _,)(Q;,), 
I = l,...,s;a= l,...,r} 

satisfles 

N 

HOM2 = ^HOMi. 

a=l 

But our assumption of V being a transverse point of intersection in the 
intersection defining 

(o-jl, . . . , (Jis)d.D,n 7^ 

tefls us that HOMi = {0}, so this gives HOM 2 = {0} or that V is a 
transverse point of intersection (at a smooth point) of the Schubert cells 
defining (ctji, . . . ,a-js)d,d+N(D-d),r+N{n-r) when we substitute 
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Qd+D{D-d),r+N{n-r) by T' (which has the same rank and degree) and the 
flags constructed above on T'. From local intersection theory we then get 

N{D — d),r-\-N{n—r) 

Introduce the notation: for / a subset {ii < ... v} of {1, . . . , n}, define NI = 
{ki <■■■ <kr} C {l,...,r + N{n - r)} by fc; = / + N{ii ~ l),l ^ I, . . .r. 
Hence we can form the function: 

,d-^N{D — d) .r-{-N {n—r)- 

(1.2) 

We have shown the easy half of the Saturation problem: 
/(I) > ^ f{N) > 0, for all N. 
The proof of the other half is in 

1.6. Eigenvalue form of Quantum Horn conjecture. Consider a situation 
where 

(CT/I, . . . ,<7ls)d,D,n 7^ 0. 

Let generic flags be chosen on the flbers of T = Qdm at the points pi,l = I, . . . , s. 
And let V be a point on the intersection 'deflning' 

Remark 1.7. (Genericity Property:) Note that we can assume that V is generic as 
a bundle (together with Kleiman Bertini theorem) . V inherits complete flags on its 
flbers, and can be assumed to be isomorphic to Qd^r and the flags generic enough 
for intersection theory (the reason for this is same as in 0], the idea is the following: 
any small perturbation of the flags on QD,n is still generic, perturb it is such a way 
that V stays in the intersection and the induced flags on it become generic). 

Define numbers a\ = " ^n-r ^^"^ these are numbers between and 1 (both 
possible). This gives the structure of a pre-parabolic bundle on V. It is the easy 
half of the (Quantum Analogue) of the Horn Conjecture [5] , that this structure is 
semistable of slope 1 + ^7^7 • The transformation formulas give various 'translates' 
of this pre-parabolic bundle. One can always assume that the upper limit 1 is never 
attained by the a's. Also one can assume I? = 0, but without the a assumption. 

Definition 1.8. Let T he a bundle of degree —D and rank n on P^, endowed with 
flags F,(7p^), I = 1, . . . , s. Let V be a subbundle of T of rank r degree ~d whose 
fiber at the point pi is in the Schubert cell fij, (i^, (7^, )). Define 

dtm(y,T,{F.{Tp^)J = l,...,s}) 

= r{n -r) + dn- Dr- ^(codim(f^J, {F.{TpJ)). 

I 

That is the expected dimension of subbundles ofT in the same 'Schubert Position' 
as V. Call the data {d,r,L^ , . . . , /*) the Schubert position of V. When the flags on 
T are clear we will just write dim{V, T) for the dimension above. 

Remark 1.9. The semistability inequalities for a subbundle S <ZV are the same as 
dim{S, V, {F.{Vp,), l = \,...,s])< dim{S, T, {F.{Tp,),l = 1, . . . , s}) 
where i^, (Vp, ) are the induced flags on the flbers of V. (see |S] for details) 
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Definition 1.10. The pre-parabolic bundle V defined above is called the Witten 
bundle corresponding to the intersection defining 

(CT/I, . . . ,(Jl')d,D,n 7^ 0. 

To be precise, this pre-parabolic bundle depends on the choice of the flags used to 
evaluate the intersection (and the point chosen). This bundle appears in a theorem 
of Witten I14| on Quantum cohomology as will be explained later in section \l.7\ 

Remark 1.11. We need to generalize this construction a bit to handle the following 
situation: Let T be a parabolic whose underlying bundle is generic, and p is a 
parabolic point. It is important to disregard the parts of the flag F{Tp), where the 
weights do not jump. 

So assume we are given a generic bundle of degree —D and rank n and for each 
p G {pi, . . . we are given a flag: 

where the elements on the subscripts are the dimensions. Assume that these 
partial flag varieties are in general position. Also assume that we have particular 
extensions of these flags into complete flag varieties. Suppose also that d and r < n 
are given. Now given any string of numbers < V2 < ■ ■ ■ < ^fe(p) = J' we can define 
a Schubert cell^° in Gr{r,Tp) by 

{VcTpl dim[V n i^(Tp)„P ^v^l^l,... k{p)} 

Denote the closure by 17/i(7^), where the data /' can be determined from the 
earlier data. Suppose that 

(cT/l , . . . , (J/»)d,D,n 7^ 0. 

That is there is a subbundle V of T of degree — c?, rank r whose fiber at each 
p e {pi, . . . ,ps} satisfies 

C Tp I dim[V n F(rp)„P ^vll^l,... k{p)} 

and there are only finitely many such V (we have used Kleiman Bertini theorem) . 

From before V as a Witten bundle acquires weights. We note that the weights 
at p satisfy: weight of F(Vp)^p = " ''^^'^ ■ If w ^ {fi , . . . , w^(p)},and Va is the 
smallest element in {v\, . . . ,v^{jp)} satisfying w < Va, then weight of F{Vp)w — 
• ^'^ ^^"^ weights of the Witten bundle can increase only at V fl F{T)^p. 
So the extension of the partial flag on 7^ to a full one is irrelevant. 

It is natural to consider the moduli space of pre-parabolic bundles of the type of 
V. But the Geometric invariant theory method ^Jj requires < + 1 (that is 
successive differences of 1 are not allowed). The GIT quotient is then the natural 
equivalence (Jordan-Holder equivalence). Without assumptions on a we do not 
have an abelian category of semistable bundles. 

Using the transformation formulas we can assume that the difference between 
the a' s at any point are strictly less than 1. It is useful to make the following 
definition. 



The closure of this cell is a standard Schubert cell when the flags of Tp are extended to a 
full flag. 
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Definition 1.12. We will call a cycle / normalised if this is the case. This is 
equivalent to either ii > 1 or v < n. 

It should be noted that for any two choices of the correction the Moduli Spaces 
are in canonical correspondence^^ (with the equivalence, and depends on the choice 
of the correction). We will call this the Witton Moduli Space of V. The Witten 
bundle gives a bundle in this moduli space (but there is more identification if the 
successive difference of some a's at a point is 1). 

Example 1.13. Gr{2,4),s = 2m, P = {1, 4}, Z = 1, . . . s, d = m-1. The associated 

Witten Moduli Space is a point. 

Definition 1.14. If the pairwise difference of the a's is strictly less than 1 we will 
call the cycle normalised. 

Remark 1.15. We will find it convenient to use expressions of the form 'the Witten 
bundle is stable' - to mean the moduli space has a stable point (a nonempty open 
set). Or, "the Witten bundle is rigid" to mean the dimension of the Witten Moduli 
space = 0. 

We now state the Eigenvalue form of the quantum Horn Problem. 
Definition 1.16. Let 

A,. = {(0,1.0,2. . . . , Or) I Oi > 02 • • ■ > Or > Oi - l,^ai = 0}. 

Definition 1.17. For a = (ai, . . . , a^) € A^, define 

S'(a) = (a2 + -, . . . ,0r + -,ai - (1 - -)). 

r r r 

Also define 

Definition 1.18. / = {h < • • • < v} subset of {1, . . . ,n} of cardinality r Define 
S{I) = {Si,...,Sr) e Ar, by 

5j = '-^-c where c = J^.^^ ^^^^ . 

We have therefore proved the easy half of 

Theorem 1.19. (The Quantum Horn Conjecture)Let P,. . . ,P be subsets o/{l, . . . , n} 
each of cardinality r. Use the notation 

P = {i{ < i^ < ■ ■ ■ < ii}. 

Assume that 

j=s a=r 

^^(n-r + a 

j=l a=l 

where d is a non negative integer then 

<cTin. 

if and only if: 

^^With the bundles corresponding under this isomorphism. 



*a) = ^(^^ — r) + nd. 
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Given any 1 < p < r and any choice of subsets , K^, . . . , of cardinality p 
of {1, ... ,r} and q a nonegative integer and if 

<<7{K^),...,a{K') >,^0 

then the inequality 

s 

is valid. 

Remark 1.20. The operation S"^ is important. Let us look at Gr(2,4). Here r — 
2,n = 4, d = 1, I^,P,P are {1,4}, {2, 3} and {1,2}, the corresponding S's are 
(1/2, —1/2), (0, 0) and (0,0), and the shift operation on the first converts it into 
(0,0), (0,0), (0,0) which certainly satisfies the inequalities. But without the shift, 
the inequality corresponding to K^,K^,K^ — {1}, {2}, {2},p = l,g = 0, would 
have led us to i < which is false. 

Remark 1.21. Choose di, . . . ,ds non negative with sum = d (and fix them once and 
for all), then the inequalities could be written as 

s 

Remark 1.22. In the formulation of remark [1.211 the conditions are the same as 
there to exist matrices Ai,l = 1, . . . , s in SU{r) with conjugacy class of Ai being 
5'f ((5(/0), Z = 1, . . . , s and A1A2 . . . ^ = 1 (see [T], E|). 

1.7. The theorem of Witten on Quantum Cohomology. The principal aim 
of this section is to justify the following claim. Consider the situation when we are 
considering a GW number (in the case expected dimension =0) 

(ct/i, . . . , <Tls)d,D,n 

where the cycles are normalised. Form the function f{N) as in definition O We 
claim the equivalence of the two statements 

(1) /(iV) = l,ViV>0. 

(2) The Witten moduli space M of (cr/i , . . . , (Ji')d,D,n is a point 
Obviously if f{N) = h^{M.^Q^) for Q an ample line bundle on then this 

claim is immediate. For this we need a mechanism of writing GW numbers as global 
sections of ample line bundles on suitable moduli spaces. This is available by the 
work of Witten |T1] . 

In |14j, Gromov- Witten invariants of Grassmannians are related to dimensions 
of global section of line bundles over suitable moduli spaces of parabolic bundles. 
That is, an equation of the form 

(CT/I, . . . ,Cr/.)d,_D=o,n = h"{M,9) 

is proved. We need to describe the modulispace Ai and the line bundle Q over it. 
The moduH space is the moduh space of representations M of 7ri(P^ — {pi, . . . ,ps}) 
into SU{r) with monodromy at pi given by S'''^{S{P)) as above (where J^^j — 
as in lemma 11.2111 . This has a natural level structure {n — r) and hence as in 
a line bundle O on it. This gives the Ai and Q in Witten's theorem. 
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Using the transformation formulas, one sees now that Generahsed GW numbers 
of the form (cr/i, . . . , (T/s)d=o,_D,n are h'^{A4,Q) where A4 is the moduh space of 
representations Ai of 7ri(P^ — {pi, . . . into SU (r) with monodromy at pi given 
by d{P)(iio shifting) . This has a natural level structure (n — r) and hence as before 
a line bundle O on it. 

In general (c/i , . . . , cr/s)^; „ are /i°(A4,0) where Ai is the moduli space of 
representations A4 of tti (P'^ — {pi , . . . , ps } ) into SU{r) with monodromy at pi given 
by as above (where J^^-j = ^ lemma 11.2111 . This has a natural 

level structure {n — r) and hence as before a line bundle on it. This parabolic 
modulispace is isomorphic to the Witten modulispace of (ct/i , . . . , (yi')d,D,n in the 
case P are normalised. 

Let A^i be the Witten moduli space of pre-parabolic bundles corresponding to 
(aji , . . . , ais)^ ]j n ^ 0. The equivalence imposed is isomorphism of the Jordan- 
Holder factors (which are stable) By Grassmann duality we get a similar moduli 
space of Quotients A^2- Each of these have natural ample line bundles Qi and 02, 
and the theorem of Witten gives 

{an <Jj.)d,D,r = h''{Mi,Qi) = h"{M2,&2). 
Also the function 

f{N) = {'^NI^, ■ ■ ■ 1 '^NI'')d,d+N{D-d),r+N{n-r) 

from the earlier section^* 

f{N) = h"{Mi,e^). 

The quantum generalization of Fulton's conjecture is the following: 
Question 1.23. Does /(I) = 1 ^ f{N) = 1, for any N? 

[The other implication is true by the Quantum Saturation conjecture, and Wit- 
ten's theorem (which gives /(I) < f{N)).] 

The link to the Witten moduli space is via the observation (because of the 
ampleness of 6i): 



ViV > 0, f{N) = l^Mi = a point. 

The classical part of IRQ (Fulton's conjecture) was proved by Knutson, Tao and 
Woodward [S]. A Geometric approach would be to prove the base point freeness 
of 01 on A^i. This is false even in the classical case {d = D = 0). For this would 
imply that /(I) > (i«m(A^i) -f- 1 ("the theta functions" will give a finite map to 
projective space^^ ) which is false (an example will be given in example 13. 7|l . The 



if both limits are allowed for the a's, we no longer get an Abclian category of semistable 
bundles. 

^■^all the non standard GW numbers can be reduced to the usual GW numbers. 

^"^One should make explicit what ©i is to do so. Naively the local factors of 0i come from the 
map of Ai 1 to the partial flag varieties and there is global twisting by determinant of cohomology 
and by determinant of a general fiber. This expression can be found for example in 1111 . In f{N) 
we are scaling the local factors by N and we need to make sure that the global corrections match 
too. 

^'^If X is a projective variety and L an ample line bundle, di global sections of L which do not 
have any common zeroes, then the corresponding map of X to projective space is finite. 
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existence of such examples also puts an end to the hope that "theta functions" of 
level 1 give a generic (local analytic) embedding. 

It could very well be case that the Quantum analogue is false (we have not 
done any computations beyond the classical examples) . The numbers involved in a 
counterexample could be large. The counterexample to the base point 'nonfreeness' 
example takes place in a comparatively large Grassmannian Gr(8, 12). 

Remark 1.24. We can also produce a number in the Quantum case M so that 
f{M) = 1 implies TWi = a point. In fact M = r + 1 is probably sufRcient. 
In the classical case M = 1 is sufficient by the result of 9 . The proof of the 
bound(A/ — r + 1) will be written up elsewhere. From a computational point of 
view there is another way of determining whether the moduli space M is a point. 
If it has a stable point, then there is an exact formula for the dimension of A4 (in 
sectional). If it is not stable then we have to check the rigidity of each Jordan-Holder 
factor. So we need to decide whether a generic point in A^i is semistable but not 
stable. This means that equality holds for some subbundle in the Quantum Horn 
conjecture (theorem). One can look at all subbundles, and check if equality holds 
and if it does repeat the same procedure for the subbundle and for the quotient. 
The subbundle can be assumed to be generic (with generic flags). 

Remark 1.25. We make a remark on the Grassmann dual Witten bundle. Let 

(CT/I , . . . , (Jl')d,D,n 7^ 

and let V C QD,n be a point of intersection and let Q = Qo.n/^- Q* gets a 
semistable parabolic structure (by Grassmann duality), and hence Q gets one too. 
Let W be a subbundle of Q which lifts to a subbundle W C Qo.n- The semistability 
inequality for W is same as 

dim{W, Q) < dim{W,gD,n)- 

(all with the naturally induced flags). This statement is obtained by dualizing 
remark 11.91 

1.8. Eigenvalue problems. In ^ and [2] the following problem was considered. 
Let Ai,.. . ,As, be conjugacy classes in SU{n), find conditions on these so that 
there are elements Ai e SU (n) with conjugacy class of Ai in Ai and 

AiA2...As = 1 

This problem is in a natural way related to unitary representations of the fun- 
damental group of — {pi, . . . ,ps} where {pi, . . . ,ps} is a set of distinct points on 
P'^. The answer to this question involves Quantum Cohomology of Grassmannians. 
Recall the set up: 

Definition 1.26. Let A„_i — {a ^ (ai, . . . ,a„) | ai > a2 > • • ■ > a„ > ai — 

l),^a; = 0}. In a natural way, these parametrise the conjugacy classes in SU{n), 
the conjugacy class corresponding to a is the diagonal matrix with entries e^'^*'^' . 
Let A°_]^ he the interior of this simplex: A°_2 = {a = (ai,...,a„) \ ai > 02 > 
■ ■ ■ > On > ai - l),Y,o.i ^ 0}. 

Also recall the notation: 
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Definition 1.27. Let A = a ^ A„_i, and I = {ii < 12 < ■ ■ ■ < h } C {1, ■ • ■ ,«}■ 

Define 

Recall the principal result in j^] 

Theorem 1.28. Let Ai, I = 1, . . . , s be conjugacy classes in SU{n). . Then there 
exist Ai G SU{n)with conjugacy class of Ai in Ai and A1A2 . . . Ag — I if and 
only if given any integers 1 < r < n,d > 0, subsets , . . . P 0/ {1, . . . , n} each of 
cardinality r, such that 

(CT/I, . . . ,(T/s)d = 1, 

the inequality 

l=s 

{Ai)-d<0 

1=1 

holds. 

Let us name the inequality corresponding to the data {d,r, , . . . , I'^) as 
Ineq{d,r, , . . . , I'^). So according to the theorem above the set of inequalities 
Ineq(d, r, . . . , satisfying 

(cT/l, . . . ,(T/s)^ = 1 

form a necessary and sufficient set of inequalities defining the desired set inside 

71 — 1 

The reduction to the set of inequalities corresponding to intersection = 1 was 
made using the existence of Harder-Narasimhan filtration. The question pops up 
if there are any more such conditions. The theorem has been extended to other 
groups in many contexts (Quantum, Classical), where it is either expected or known 
that some of the inequalities (corresponding to intersection = 1) are redundant. 

The same methods give the following theorem where as before we assume that 
the pairwise difference of any two 9 at any point is < 1. The advantage is that 
there is considerably more freedom to try to prove the irredundancy. It should also 
be noted that the following has exactly the same content as the previous theorem. 
We can use the transformation formulas to reduce to D = and norm the 6's (see 
lemma [1.33|l to sum to zero at any point. 

Theorem 1.29. Let the weights dj,D and n be given, then T — Qn.D with s 
generic flags and weights is semistable if and only if whenever given r, s subsets 
, . . . ,1^ of {1, . . . , n} each of cardinality r satisfying 

{ail, . . . ,Cr/=)d,D,n = 1, 

one has 

^ a—n 

n ^-^ ^-^ 

I a=l 
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Label the inequalities by Ineq{I^ , , . . . , I'^ ,d, D,n). 
Definition 1.30. Call an Ineq{r, d, D, Ii, . . . , Is,n) polyrigid if in the function 

f{N) — ((Tat/i, . . . , <JNI^)dM(l-N)+ND,r+N{7i~r), 

f{N) = 1 for all N (or that the corresponding Witten Moduli Space is a point^^). 

1.9. What does irredundancy mean? There are a few 'different' converses 
to 11.291 They are all of the form: Find a subset of the above list of inequalities 
(call the subset I) so that they describe the same polyhedron and, 

(1) Given Ineq{d, D , , . . . , I" , n) in X, there are parabolic weights so that the 
subbundle corresponding to this inequality for generic choice of flags) is the 
Harder-Narasimhan element. 

(2) For each inequality Ineq{d, D , , . . . , I'^ , n) in the list 2, there are choice of 
weights so that for the corresponding parabolic bundle, the subbundle cor- 
responding to (ct/1, . . . ,iT/s)d,D,n is the sole contradiction to semistability 
(among all subbundles). 

Remark 1.31. Consider a non semistable parabolic bundle. It has a unique Harder- 
Narasimhan subbundle (the first part of the filtration). This subbundle contradicts 
semistability, but is not necessarily the only subbundle contradicting semistability. 
Example Vi V2 ® V3 and assume Vi semistable and the slope /i(Vi) > ^(V2) > 
/^(Va). Then clearly Vi is the Harder Narasimhan element, but Vi © V2 might 
contradict semistability too! (if the slope of V3 is very small). 

The strongest converse is (no. 2). But the most natural converse is the first 
one. Let us call an inequality Ineq{d, D, , . . . , I'^ , n) HN-irredundant if the first 
possibility occurs, and to be strongly irredundant if the second holds. Clearly 
strongly irredundant HN-irredundant. 

Definition 1.32. The large weight space r2„ is the set: 

{{ti,...,tn) I 1 > ti > i2 > ••• > t« > 0}. 
The interior of fin is the set 17°; 

{{ti, . . . ,tn) \ I > ti > t2 > ■ ■ ■ > t„ > 0}. 
Lemma 1.33. There is a natural surjection 



which restricts to a surjection of the interiors: — > A° . 

Proof. The map is (ti) to ti — c where c = ^r^- I— ' 



^''The main point is that f{N) = H°{M,e^) where M is a moduh space of parabolic bundles 
(which identifies two parabolic bundles with the same Jordan-Holder factors ) and 9 is ample on 
M. So f{N) = 1 for all TV implies that the moduli space is a point. Hence all the graded factors 
must be rigid. 

"'^^One could ask a similar question on all of the Harder-Narasimhan filtration 
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Definition 1.34. Let Ao.n C (i^n)'^ of weights which give generically a 

semistahle parabolic structure on GD,n with parabolic structure at s points. This set 
has a nonempty^^ interior and is a polyhedron. 

Lemma 1.35. An inequality Ineq{d, D,I^,. . . , P, n) is strongly irredundant if and 
only if 

(1) There are choices of weights for which Ineq{d, D, , . . . , I'^ ,n) is not valid. 

(2) There are weights (for each point) in fi„ which give a semistable structure 
on QD,n for which (having chosen generic flags on QD,n); the subbundle 
corresponding to Ineq{d, D, , . . . , P ,n) has the same parabolic slope as 
the whole space and the weights for the subbundle are separated away from 
the quotient. To be more specific, for a parabolic point (say pi), let I > 9i > 
■ ■ ■ > On > be the weights atpi. then we have for i £ P,j £ {1, . . . ,n}—P , 

<| Oi-ej \< 1. 

Proof. First for generic flags on T = QD,n, let V be the point of intersection corre- 
sponding to Ineq{d, D,I^ , . . . , I" , n). 

One direction is trivial. If an inequality is strongly irredundant, find a choice 
of weights for which Ineq(d, D, P , . . . , is the only contradictor of scmistability. 
Also find another choice of weights that gives a stable structure on T (in the interior 
of the large weight space). Join these two choices of weights and find the point on 
the line joining these weights where the structure becomes semistable (and slope of 
V equals the slope of T). 

Let us look at the "issues" with the other direction: We have weights that 
make Qn.n semistable, V is a contradictor to stability and the weights of V arc 
separated from those of Q. We want weights for which the subbundle V is the sole 
contradiction to semistability. We do this in two steps. 

First step: Perturb the given weights on V and on Q so that both become stable 
(there is space to do this and induce these weights to GD,n)- This perturbation 
can change the slopes of these (we are working in the large weight space) and these 
slopes may not be equal. We can cure this problem by adding a constant to all 
the weight of (say the ones corresponding to the subbundle ) at one point. This 
might take us out of the bounds :[0, 1] but the pairwise difference of weights at any 
point is still < 1. So we can correct this last problem by a suitable shift of all 
the weights at a point(by the same amount). Hence we get a choice of weights for 
which V is the only contradiction to stability (and Q if V splits off). Therefore for 
any small perturbation of these weights, the only possible contradictor to stability 
(or semistability) is V (and possibly Q). 

Second step: Now join this point to the choice of weights in the first condition. 
These are choices of weights for which V contradicts scmistability and "head out 
just a little" . Even if V splits off, Q has now slope less than that of T. □ 



^^There do exist irreducible unitary representations of 7ri(P^ — {pi, . . . ,ps} for s > 3 - for 
example take A,B unitary matrices so that the group they generate is Zariski dense in U{n) and 
take the representation which sends the fundamental loops (for s = 3) to A,B, {AB)~^ 
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2. Redundancy in Eigenvalue Problems. 

Theorem 2.1. In theorem 2 9\) the set any inequality Ineq{r, d, D, Ii, . . . , Is, n) 
which is not polyrigid or whose Grassmann dual is not polyrigid does not get to be 
the Harder- Narasimhan element for any choice of weights. 

Hence the set of inequalities Ineq{r,d,D,Ii, . . . ,Is,n) which are polyrigid and 
whose Grassmann duals are polyrigid form a necessary and sufficient set of inequal- 
ities. 

Proof. Suppose Ineq{r,d, D, I^ , . . . , P ,n) is a non polyrigid inequality and yet 
there is a choice of weights 6'' so that the subbundle V (choose flags etc) corre- 
sponding to (cT/i , . . . , cr/s)d_£)_„ = f, is the Harder-Narasimhan element. So we 
have: 

and every subbundle W of Q satisfies /^(W) < /i(V) and V is semistable. 
Suppose in the function f{N) > 1 for some > 1 

Consider T' = Q' © V where Q' = Q © • • • © Q (repeated N times). One can con- 
sider T' as a pre-parabolic bundle in the standard way (one may need to complete 
the flag but the weights assigned are the smallest possible to such an addition). 
Also note that the Schubert position of V C T' is j' C {1, . . . , N{n — r) -\- r}, with 

NP = f= {3{ <i<---<fr},ji^ A^(*i - a) a. 

And as before (see section n~5|) the point V C T' defines an isolated transverse 
point in the appropriate intersection, corresponding to 

(cTtv/i, . . . , <JNI'')d,d+N{D-d),r+N{n-r) 0- 

and one has the exact sequence 

Clearly V is the Harder-Narasimhan element in T', but 

two points 

(1) f{N) > l(this is our assumption). 

(2) T' is not generic, but a limit of generic bundles (with generic flags). On 
each of them we will find Vt, Wt so that Vf tends to V and Wt stays away 
from V (we are assuming f{N) > 1) in the appropriate Quot scheme. The 
limit of W( is a coherent subsheaf of T and its closure is a subbundle with 
at least as much parabolic degree (and of the same rank) as V. Hence we 
find a contradiction. 

Remark 2.2. If T' is perturbed to a generic bundle T"with generic flags then 
f{N) > 1 gives us at least two subbundles. One of these tends to V as we degenerate 
T" to T' (along with the flags), and the others stay away from V. This is because 
everything is transverse and smooth at T' near V, so V counts for 1 point. The 
limit of the other point may only be a coherent subsheaf which we can saturate to 
a subbundle of T' which will atleast as much parabolic slope. 

In case the Grassmann dual is not polyrigid do the same argument but with 
V©V©---®V©Q with V repeated N times. □ 



'Recall the definition of f{N) fromlO 
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Remark 2.3. It can be proved f corollary I6.9|l that polyrigidity is invariant under 
(Grassmann) duality. So the second part of the argument above is not needed. 

Remark 2.4. A stable parabolic bundle is called rigid if any other stable parabolic 
bundle with the same weights is isomorphic to it. Or the 'corresponding' unitary 
representation^'' of the fundamental group from the Mehta-Seshadri theorem is 
rigid. 

Remark 2.5. This result points at a rigidity statement for essential inequalities 
in Eigenvalue problems. Namely what is the analogous rigidity statement for the 
essential inequalities in \l'2\ 7 

Remark 2.6. The same argument shows the polyrigidity of any piece of the Harder 
Narasimhan filtration. 

There is a construction of intersection 1 situations due to Nori (private com- 
munication) and it will be useful to see if these situations correspond to polyrigid 
Witten bundles. 

Example 2.7. (M. V.Nori) Let Vi, . . . Vg be general subspaces of a vector space W 
so that 

dimiVi) = dim{W) + 1. 

i 

So, the natural map W has a 1 dimensional kernel spanned by ^ Vi 

with ^ Vi G Vi. In Grassmannian Gr{s — l,dim{W)), look for spaces T which 
intersect all the Vi. There is exactly one such space: X^i'^^'- terms of Schubert 
Calculus, let I (a) be the subset of {1, ... , dim(W)} of cardinality s — 1 given by 
i{a)i — rank(Va) and i{a)i = dim(W) for I ^ 1. And the calculation above shows 
UaO'/(a) to be the class of a point. One sees that the Witten bundle corresponding 
to this situation is rigid (and stable). Do all intersection 1 situations arise from 
suitable generalizations of this theme? 

3. Moduli Spaces, Dimension Calculations 

If all our cycles are normalised, then a situation with (ct/i, . . . ,cr/s)rf.D^„ ^ 
leads us to the moduli space of semistable degree —d bundles, with parabolic 
structure as in section 11.71 The moduli space classifies semistable pre-parabolic 
bundles (upto JH equivalence). Two parabolic bundles are isomorphic if there is 
a isomorphism which preserves parabolic structures, so the irrelevant parts of the 
flags are to be ignored (i.e we should pass to partial flags at each point and ignore 
the pieces Fi of the flags where the weights 9i ~ Oi+i do not jump). So we get s 
partial flags corresponding to each parabolic point. 

Let A = Ai < A2 < . . . Afc = n be given and V a vector space of dimension n. 
Let 

Aa(F) = {^^A, C i^A. ■ • • C Fa, = 1/ I dim{F^^ ) = A,} 
A simple dimension computation gives 

dim{XA{V)) = Ai(n - Ai) + (A2 - Xi){n _ A2) + • • ■ + (A^ - \k-i){n - A,-)- 

use the transformation formulas to make the degree of the bundle and then norm 
the 6's so that they sum to at each point. To this modified data one can apply the theorem of 
Mehta and Seshadri. 

■^^Recall that a cycle I in Gr(r,n) is said to be normalised if either ii > 1 or v < n. 
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For each choice of weights 

01 > (?2 >•••>(?„> 01 - 1, 

there is associated a partial flag variety. Namely pick the points where this sequence 
jumps (as above). Let A(0)^^ be the corresponding A. 

Now, let T of degree —D and parabolic weights 0* be stable. We calculate the 
dimension of the corresponding moduli space M. in terms of the partial flag varieties 
associated to T. 

it is clear what the dimension of the moduli space M. should be 

l=s 

dim(Moduh of T) = ^dim(XA(0i)) - dim{Aut{T)) + 1. 
1=1 

Over an open part of the moduli space the bundles stays isomorphic to T because 
T is a generic bundle. The product of the partial flag manifolds 

Xa{0^)(Tpi) X XA(g2){Tp^) X • • • X Xa(0->)(TpJ 
gives a local universal family U of parabolic bundles. Two such give the same 
point of the moduli space under the map U ^ M ii there is an element of Aut{T) 
which takes one to the other. Hence the fiber over a given point of the moduli space 
is 

dim{Aut{T)) - 1 

because T as a parabolic bundle has no automorphisms (is stable) other than 
scalars. For ease of notation let A' = A(0').The dimension of depends only on 
the multiplicities Ai, A2 — Ai, . . . , A^ — Afe_i. 

Remark 3.1. There is a cyclic property of dimensions of partial flag varieties: let 

A = Ai < A2 < . . . Afc = n be given, let A' = A[ < A'2 < . . . A'^ = n he given, 
with A[ = A;_)_i — Ai for ^ < and A^ = n. Then, dim{XA) = dim{XA') from the 
formulas above. For instance let wi, . . . Wfe_i be the numbers Ai, A2 — Ai, . . . , A^ — 
Afe_i, then dim{XA) = — X]i<j" Wj^j and is invariant under the formula above. 
Closer to the point, these are dimensions of centralisers of elements in U [n) with a 
central ratio. 

Finally we need the following simple result on automorphisms of generic bundles: 
Let V = Qn,D- Clearly degree of £nd{y) = 0, so 

^(^^^(V)) = 

But if V is generic, all summands of £nd{V) are either 0{—l),0 or 0(1) all of 
which have = 0. So dim{£nd{y)) = n^. The identity is an automorphism and 
the the set of automorphisms is an open subset of the set of endomorphisms so is 
a group of dimension n^. The following argument is needed to show that elements 
in End{V) which give an automorphism is a Zariski open set. It is not clear what 
groups are obtained this way. 

Lemma 3.2. Let X be a projective algebraic variety, V a vector bundle and x a 
point. Let Vx be the fiber ofV at x. We have a map (p^ '■ End{V) — > End{Vx)- 



'a e A(6») ^ {a = n, or 6»o+i < Oa). 
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(1) For s G End{V), the characteristic polynomial of 4>x{x) does not depend on 

X. 

(2) Given s S End{y), it is an automorphism if and only if (j)x{s) is so. 

Proof. The coefficients in characteristic polynomial are global regular functions, 
hence constant. In particular the determinant is a constant. □ 

Wo record our conclusion on the dimensions of these moduli spaces: 

Proposition 3.3. Let T be a stable parabolic bundle as above and assume that at 
each point the difference between the weights is < 1 in absolute value. Let be 
the partial flag variety assigned to the parabolic point Pi as above. 

l=s 

dim{Moduli of T) = '^^dim{XAi) — + 1. 
;=i 

Assume now that the moduli of T is dimensional and consists of a stable point 
(it is always connected). That means that there is a dense orbit of Aut{T) acting 
on 

XAi(rpj X XA,(rpj X • • • X Xf,x%s) 

We will have(from the dimension of moduli of the parabolic bundle T) 



= ^d?;m(XA(e<))-n2 + l. 



1=1 

On T there is a remarkable other choice of weights: namely to F^;^ assign the 

weight Tig\ — "^^'^ these weights obviously lie in [0,1). Denote the associated 
parabolic part of the weight by w and parabolic slope by jl. 

^ ;=io=i 
(with the understanding that Aq = 0) 
which is 



1 1 
-(V(izm(XA(ei))) = -{n^ - 1). 



so/ir = i-^-4j. 

Suppose this structure is unstable, let <S be the Harder-Narasimhan element 
which has F^i fl <S is u„ dimensional and of degree —d and rank r. The uniqueness 
of the Harder-Narasimhan element gives (the flags on T are generic) 

Q = [r{n — r) -\- dn — Dr\ — codimension(l;) 

1=1 

where 

Yi = {Se Gr{r, ) \ dim{F^,^ )) n 5,,, ) > m^; a = 1, . . . , h}. 
[ki is the length of A') The codimension of Yi is 
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r(n - r) - [u[iA[ ~ u{) + {u\ - u{){K'^ - u{) + ■ ■ ■ + (4, - <_i)(A^, - <) 
= n(wi(5)) -nr + r(n-r) -X;a=i'(wi 

= n(w;(5)) — — — wj,) (with the usual understanding that 

Uq = 0, and w; is the contribution to w from pi). So we get 

l=s a=ki 

-n{w{S)) +sr^ + Y,Yl - + dn-Dr + r{n-r)=0 

1=1 a=l 

or that 

{w{S) - d)n = sr' + r(n - r) + ^ ^ {ui - ui_,){-ul) - Dr. 

1=1 a=l 

We have w{S) — d> jl{T)r by assumption, so 

/— s a=ki ^ 

sr^ + r(n - r) + ^ ^ (u„ - - Dr = (w(5) -d)n> rn- Dr 

Z=l a=l 

So ^ 

1=1 a=l 

But we claim 

{s - ly + E « - <-i)i-<) + 1 < 0. (3.1) 

1=1 a=l 

because '5 is rigid' (as will be explained below) being the Harder-Narasimhan 
element in a rigid T. And hence a contradiction. 

First note that S gets a partial flag in each of its fibers <Sp, , the /th one being 
made out of F^i {Tp^)) n Sp^ let this corresponding fiag be in Xa,(S'pJ where A; = 
A'l < • • • < A^^ is the set {v}^ \ a = I, . . . h} 

For fix generic bundles T, and generic (partial fiags) in 

flo = {F\ . . . ,F«) G FL{T) = XaATp,) x Xa,(TpJ x • • • x Xa^W 
and a <S C T in 

n,il(F') 

(there is a unique one by assumption, because it a Harder-Narasimhan element 
for a choice of weights by assumption) where 

Yi = {Se Gr{r, Tp^) \ dim{FAi^{Tp^)) n > m^; a = 1, . . . , h}. 

{ki is the length of A') 
Now look at 

J = {{G\...,G')GFLiT)\S€niYi{G')}. 
We claim there is a map 



24 



PRAKASH BELKALE 



<1>:J-^ FL(S) 

where 

FL{S) = XaA^p^) X ^A.(5pJ X • • • X XaA^pJ- 
The map is the obvious one given flags on 7p^ , intersect them with Sp^ . The 
map is surjective near flo (the original flags on T). Now Aut(T) acts transitively 
on the elements of FL{T) (at least the ones near T) because the original choice of 
weights 6*^ gave a stable rigid parabolic bundle. So given fhjfh G FL{T), there 
is an element in A 6 Aut{T) with A{fli) = fl2. Now S is in 

and in 

where fli — {G^, . . . , ff*) and fl2 = {H^, • • ■ , H'') and is the unique such ele- 
ment. Since u{fli) = /Z2, we have u{S) = S. Putting it all together we get that 
Aut{S) acts transitively on FL{S) and the equation in the lemma is in contradiction 
with eauation l3.1l 

Lemma 3.4. Let S he a generic bundle of degree —d, rank r. Let 
Ai ^ A[ < ■ ■ ■ < ^r forl^\,...,s. Let 

FL{S) = XaASv^) X X^ASp,) X • • ■ X X^ASp^- 
Suppose p £ FL{S) and Aut{S) acts transitively on FL{S) 
Then 

dim{Aut{S)) - 1 > J2dim{XA,)iSp,). 

Proof. If a group acts transitively on a variety X (or has a dense open orbit), then 
the dimension of the group is at least as much as that of X. Here the group is 
Aut{S)/C* and the variety X ^ FL{S). □ 

Hence we have shown that the new structure on T is semistable. To summarise 
the results of this section. 

Theorem 3.5. Let T be a generic bundle of degree —D and rank n endowed with 
s complete (and generic) flags and weights 9\ : I — 1, . . . s; a = 1, . . .n so that for 
any I, 

0[>9l>---> 9l > e{-i. 
(No other assumptions). Suppose T with this structure is stable. We have 

l=s 

dim(Moduli of T) ~ dim{X^(^gi-f) — + 1. 
1=1 

Suppose this dimension is 0. Then define a new set of weights by assigning to 

Fj^i^{Tp^) assign the weight rig[. ~ " . Then T with this new weights is semistable 

of total slope 1 ^ ^ Call this new parabolic bundle Rig{T) (which can be 
defined even if T is not stable). 
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Remark 3.6. Note the following additive property of Rig{T): 

Rig{(Bf^^V) = (B^^RigiV). 

We remark that this new structure is stable as well. For the integrality conditions 
force stability=scmistability. If 5 is a contradiction (r = rank{S)) to stability we 
will have (/U is the rigidity weight) 

It is clear that (the weights have denominators n), that 
rn^l{S) e Z. But 

T 

rnfi{S) = nr — Dr 

n 

and the last element is clearly not an integer. For later reference note the result 
rnn{S) < nr — Di — ^, so rn^{S) <nr — Di — 1. Hence 

<!- — -— (3.2) 

n rn 

Example 3.7. In this example we look in Gr{8, 12), d = D = 0, and cycles 

(1) /I ={3,4,5,7,8,10,11,12}. 

(2) 72 = {2, 3, 5, 6, 8, 9, 11, 12}. 

(3) P = {2,3,5,6,8,9,11,12}. 

Then the Witten Moduli Space M (which is generically stable) is 6 dimensional and 
the intersection number (which equals H°{M,&)) — 6). So Q (which is ample) 
is not base point free and does not give an embedding generically. The Grassmann 
dual Witten Bundle is stable in this example. The example was found (and checked) 
by a computer program. 

Example 3.8. To illustrate the importance of extensions of simple factors in par- 
abolic moduli spaces, consider the Witten bundle of the intersection d = D = 0, in 
Gr(5,9). 

(1) /I ={3,5,6,8,9}. 

(2) 72 = 12,4,5,7,9}. 

(3) 73 = {2, 3, 5, 8, 9}. 

In this case the parabolic moduli space is a point, but the product of the 3 partial 
flag varieties is not acted upon transitively (generically) by Sl{5). the flag varieties 
have dimensions 4 + 4, 4 + 4+1 and 6 + 2 respectively and the dimension of the 
group is 24. One checks that the line C in this five dimensional space with Schubert 
position {5}, {4, } and {2, } contradicts stability. In fact we can show that V is an 
extension of rank 1 stable bundles (which shows that the parabolic moduli space is 
a point). 

4. Irredundancy 

Consider a polyrigid inequality Ineq{r, d, D, I^ , . . . , P,n). Choose generic flags 
on GD,n and let V C QD,n be the point corresponding to 

((T/l , . . . , CFjs)^jy .^ = 1 

We will assume to start with that the Grassmann dual Witten bundle of V is 
normalised. This implies that either i" = 1 ov i" = n for each a e {1, . . . , s}. 
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The main induction step is the foUowing theorem which we assume in this section 
and prove it in sectional 

Theorem 4.1. We can find W C T = Qo.n so that 

(1) V C W. 

(2) dim{yV, T) = and is a polyrigid intersection. 

(3) The Grassmann dual Witten bundle of W is the direct sum of the same 
simple factor. 

It then follows that, 

(1) The Grassmann dual bundle of W is normalised. This follows from the 
assumption that the Grassmann dual Witten bundle of V is normalised. 

(2) V is a contradiction to stability (not to semistability) of the Witten Bundle 
ofyV (this is automatic from the previous step). 

Assuming this theorem we can immediately show the strong irredundancy of 
polyrigid inequalities: 

Definition 4.2. Let T be a vector bundle on with complete flags on its fibers 
at pi, . . . ,ps. Let V C T be a subbundle and it recieves complete flags on its fibers. 
Suppose we have a pre-parabolic structure on V, then there is a minimal extension 
of the parabolic structure to all of T. To define this we take a point p = pk, and 
suppose Vp € fl'^{F,){7p), where I — {ii, . . . , v} and the weight assigned to Fi{Vp) 
is 9i. Then if (r ^ rank{V),n — rank{T)). 

(1) iu < j < iu+i assign weight 6u+i to Fj(7p). 

(2) < j < ii then assign the weight 9i to Fj{7p). 

(3) ir < j l£ n assign the weight 9i — 1 to Fj(7p). 

(4) j = iu then assign the weight 0„ to Fj[Tp). 

The induced parabolic structure on V is the old one. 

We want to consider the minimal extension of the Witten parabolic structure 
on W C T. The first claim is that the induced weights on Q = T/W can also be 
obtained as follows: 

(1) Form the Witten bundle of Q* C T* (T* has natural induced flags on it). 
Take the dual of this structure and get one on Q. 

(2) Form the Rigidity bundle of this parabolic structure on Q. 

Claim 4.3. The Rigidity structure on Q in (2) above is same as the weights induced 
on Q by the minimal extension of the Witten structure on W to T. 

Proof. Let W C T = C", be in Schubert position I = {ii < Z2 < • • • < ir} 
with respect to the complete flag F. on T = C". We get the induced flag F{W), 
on V and the flag F,{Q) on Q = T/W . There are two "Horn" type situations: 
W C T and Q* C T*. There are resulting weights on W, Q* and hence Q from 
this situation. 

Let J — dual{I,n) — {a £ {l,...,n \ n+1 — a ^ /}, and let J = {ji < 
• ■ ■ < in-r}- We are assuming that Q* has a normalised Schubert position so either 
ji 7^ 1 or jr n. 

(1) Weights on H^: On assign the weight 1 + (a — ia). This structure 
is what one gets from the Horn conjecture (the Witten bundle). 

(2) Weights on Q*: on F{Q*)a assign the weight 1 + ^(a — ja). 
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(3) Weights on Q: on F[Q)a assign the weight 1 - + 1 - a) - jn+i-a)- by 
duahsing the previous one. The weight of F(Q)a is different from weight 
of F{Q)a+i if and only if 

(n + 1 - a) - jn+l-a - a~ jn-a 

or that 

jn+l — a jn — a 1 

Let the complement of / in {1, . . . , n} be {ai < ■ ■ ■ < a„_r}- In this 
notation jn+i-a — n + \ ~ Ua- So aa+i > 1 + eta- If eta + 1 *b, then 
a — i}j — h. 

(4) Weights on T: to the Fi^ assign weight 1 H — ia), to all others 

assign the smallest weight posible. That is if ia-i < I < ia assign the 
weight ;j37(a — ia) to Fi{T). If v < n (in which case ii — \, because the 
Grassmann dual is normalised) assign the weight Q to Fn. 

This choice of weights induces weights on Q. The induced weight on 
F{Q)ia-a is 1 + 7^37- This last weight is the rigidity weight from 13 on Q. 
If ir < 71, the weight assigned from the above procedure on Fn-r{Q) is 
which agrees with the rigidity weights. 

□ 

Example 4.4. We give an example on how weights are assigned, so as to also 
clarify the freedom we have in the extension of the weights from V to T . We do the 
point case: Let V be a 4 dimensional space in C*. Let the Schubert position of V 
be {2,4,6,8} with respect to the flag F.{C^). So to F2{C^),Fi{C^),F6iC^),F8iC^), 
we assign the weights = | , | , -j and respectively. To Fj the conservative 

extension is 0, but we can go as far as j and still have a valid choice of weights. 

Remark 4.5. The freedom in the above construction: Although we chose the most 
conservative extension so as to minimise the slope of the quotient, we will need to 
know the maximum slope the quotient can acquire so that the subbundle has the 
weights as in the Horn Conjecture. An easy calculation shows that we can add 
rank{Q) each of the weights not appearing in the subbundle at any parabolic 
point. So that process can lead to increase of slope of ■raKfc(C) ^ach parabolic 
point. If the Witten bundle of Q* C T* is M copies of the same (parabolic) bundle 
C - then the freedom in the above construction is ttt^. 

rank{Lj 

Now (the global case) take the weights obtained by Horn Conjecture on W and 
take the most conservative extension /i to T. The induced weights on Q come from 
the rigidity weights coming from the structure on Q obtained by taking the dual 
of the Horn conjecture weights on Q*. Let /i denote the slopes in this conservative 
extension. 

Let Q — T/W which as a Grassmann dual Witten bundle is a direct sum of 
M(say) copies of the same bundle C of rank /. So its Rigidity bundle has slope 
1 + degree{Q) / rank{Q) ~ p-. We have the following formulas for the slopes /z. 

(1) ^(W) = ^(V) = 1 + degree{Q)/rank{Q). 

(2) fx{Q) = degreeiQ)/rankiQ) - ^. 
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Therefore we have that V contradicts semistabihty (and hence satisfies condition 
(1) of lemma [1.35(1 . We have the freedom of adding a constant c < j to aU the 
weights of Q at any parabohc point. We add the same constant c to all the weights 
of Q (at every parabolic point) so that the slope of Q becomes equal to that of W. 
The constant c is given by sc = , or c = ^ . We have a structure on T for which 
the slope satisfies = m'(V) = = 1 + degree{Q)/rank{Q). 

At this choice of weights, the weights of W and Q are separated. Now perturb 
the weights on W so that it remains semistable, the subbundle V still contradicts 
stability and the weights of V and W/V are now separated out. We have used 
induction in the last step. Then, add (or subtract) a small constant to the weights 
in Q so that /i"(>V) = fJ."{Q). So we have satisfied condition (2) in lemma 11.351 
This finishes the last step. 

5. Examples 

All the examples below are from the classical part. One could use the transforma- 
tion formulas to get "quantum" examples - but we expect that there are quantum 
polyrigid situations that do not arise from the classical ones by application of the 
transformation formulas (to do that we need to look through quantum examples 
which we havent done, need some technology to code the quantum Littlewood 
Richardson rule) . 

In each of these examples we are given an intersection in a G'r(r, n) corresponding 
to an intersection of Schubert cells indexed by /'s. Having chosen generic fiags in 
T ~ C", we will find a subspace V of rank r in the Schuberts position corresponding 
to the /'s. Let Q = T /V and Q* C T* in the Grassmann dual Schubert position 
with respect to the induced fiags on T* - denoted by J's. 

Example 5.1. For n — 2,r = l,d = D = 0, s = 3 there is really one inequality 
which needs to be shown to be irredundant: = {1}, ~ = {2}. The Grass- 
mann dual Horn bundle is polyrigid in this case. The Horn weights are on a one 
dimensional trivial vector bundle V on P^. The Horn weight at pi is l,at p2,P3 is 
0. So the conservative extension of these weights to T = Qo^2 'is (0,0) atp2,P3 and 
(1,0) atpi. The only contradiction to semistabihty with this choice of weights is V. 

Example 5.2. For n ^ 8,r = 5,d = D = 0, = {3, 4, 5, 7, 8}, = = 
{2,3,5,6,8}. The Grassmann dual is happenning in Gr(3, 8), with — {3,7,8}, 

~ = {2, 5, 8}. The Grassmann dual Witten Bundle bundle is stable and rigid. 
The Witten weights on the bundle V coming from Gr{5,8) are (^,^,^,0,0), and 
(|, |, i, i,0) at p2 and ps. When induced up to T = Qq ^ (conservative extension), 
the weights are (|, i, i, i, i, 0, 0, 0), and (|, |, |, i, i, i, 0, 0) atp2 andp^. And the 
quotient Q = T/V has (induced)weights -{^, ■|i 0), (|, ^,0), (|, -1,0) of slope 1 — ^• 

There is one more choice of weights on Q. The dual Q* C T* of Q has Witten 
weights: (|, 0, 0), (|, |, 0), and (|,|,0). This induces weights on Q (we take the 
negatives and 1 and rearrange in ascending order)- (1, 1, |), (1, |, i) and (1, |, i). 
The associated rigidity weights of this structure on Q is (^,^,0), (|,i,0) and 
(|, ^,0). This is the same as the structure at the end of last paragraph. 

From the theory developed in the paper, V is the Harder- Narasimhan maximal 
contradictor of stability for T = Go,s- But there are other contradictors of stability 



is a small perturbation with differences << —r^ 



EIGENVALUE PROBLEMS 



29 



because V is not stable. Example the line S C V in Schubert position ( with respect 
to the induced flags on V^-{5}, {4}, {2}. This picks up weights: 0,|,|, and hence 
has the same slope as that ofV (=1)- 

So how does the paper make V the only contradictor of semistability? First we 
add weights e to all the weights of the quotient so that its slope becom,es equal to 
that of V . In this case, the constant addition e is given by 9e = ^. So now the 
weights of T become + e, ^ + e, |, e, 0, 0), and (| + e, |, |, i + e, i, i, e, 0) at 
P2 and P3. One checks in general that there is "space" for this addition (so that the 
order of the weights remains unchanged) . The weights of V and of T/V are now 
separated (the absolute value of the difference of any weight from V and one from 
T/V is greater than and less than 1). This new structure on T is semistable. 
If we can perturb it so that V and Q become stable and of the same slope and so 
that the weights are now in the interior of the large weightspace , then we are done. 
This is because then, 

(1) V and the quotient (if V splits off) are the only contradictors of semi- 
stability. 

(2) we can join this set of weights to the conservative extension of the Horn 

weights on V and head out just a little. For a short time the subs which were 
not contradicting semistabilty continue to not do so, and V immediately 
starts to contradict stability. 

Such a perturbation is possible by induction. We can perturb the weights on V 
and on Q so that they become stable and the weights are now in the interior. But 
we have cha,nged the slopes of each ( we cannot perturb keeping the slopes the same 
and remain in the large weight space, because the initial point we have is not in the 
interior). But the separation of the weights ofV and of Q, allows us to correct this 
by adding a sm,all constant to the weights of Q for example. 

Example 5.3. We give an example for the Grassmann dual Witten bundle not 
stable (but polyrigid). Gr(2,5),/^ = p = = {2,5}. The dual Grasmann in- 
tersection is in Gr(3, 5) and corresponds to (J^ = = J'^ = 2,3,5). The Wit- 
ten bundle for Q* is unstable - there is a line which contradicts semistability in 
Schubert position {3, }, {2}, {2}. This gives a subspace of dimension 2 of Q in 
Schubert position {2,3}, {1,3}, {1,3}. This in turn gives a 4 dimensional subspace 
of T in Schubert position {2, 3, 4, 5}, {1, 2, 4, 5}, {1, 2, 4, 5}.. This hyperplane con- 
tains V and is unique in its Schubert class. Now consider the Horn bundle ofW: 
weights (0, 0, 0, 0), (1, 1, 0, 0), (1, 1, 0, 0). The conservative extension of thse weights 
to T is (0,0, 0,0,0), (1,1, 0,0,0), (1,1, 0,0,0). One checks that W is the Harder- 
Narasimhan bundle ofT, and V has the same slope ofW (= I). There are two 
issues here: The first to make V the Harder-Narasimhan bundle, and also to produce 
weights for which V s the sole contradiction to semistability. 

We can first add a constant to the weights of T/W so that T becomes semistable: 
the constant is 3e = 1, and the weights on T are now 

(e,0,0,0),(l,l,e,0,0),(l,l,e,0,0). 

With these weights T is semistable andW, V (among others) contradict stability. 
The weights on W and on T/W are separated. 

So we perturb the weights on W so that V is the sole contradictor to stability (and 
the weights are in the interior of the large weight space) inside W. The separation 
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of the weights (ofW and T/W) says that we can then adjust the weights on T/W 
so that the slope of T/W and that of W become the same. We now appeal to 
lemma \l.35\ 

6. Proof of Theorem 14.11 

Using the notation of Theorem 14.11 we find that we have nothing to prove if 
the Grassmann dual Witten bundle of V is stable or is direct sum of the same 
simple parabolic bundle. We have to take care of the case when the Grassmann 
dual Witten bundle of V is not of this type. We will assume to start with that the 
Grassmann dual Witten bundle of V is normalised. This implies that either i1 = 1 
or = n for each a G {1, . . . , s}. 

The following theorem shows that if V is a polyrigid semistable bundle with only 
one isomorphism type of stable parabolic bundle in its Jordan-Holder series, then 
it is a direct sum of (several copies) of this stable bundle. 

Lemma 6.1. Let V he a polyrigid stable bundle (with pairwise difference of 
weights at any point < 1). Then, V © ■ • ■ © V (N times)has no deformations as a 
(semistable) parabolic bundle. 

Proof. Look ataVcyV = V©---©Vasa coordinate factor. One easily checks 
that the associated point on the relevant Quot scheme is smooth. This follows from 
the genericity of the underlying bundle of V. 

We just need to check that this subbundle deforms with any deformation of Wo 
(preserving its Schubert position). That is the tangent space of subbundles of the 
same (Schubert) type as V of Wo at V is the expected dimension. This follows from 
the rigidity condition on V. We also have that the subbundle V does not deform as 
a parabolic bundle (because it is rigid). So combining these we have N factors of V 
in any nearby Wt- The direct sum map is an isomorphism at Wo, hence for nearby 
t. So we just need to show that the tangent space of subs of the same Schubert 
position as V is of the expected dimension. 

The actual dimension of the tangent space is (the HOM is homomorphism of 
parabolic bundles) 

J?OM(V,®il2V), 

which is clearly — 1 dimensional. The expected dimension is to be calculated: 
Point calculation: Let *i < • • • < = r be the associated partial flag variety of 
V. The Ith Schubert ceU of V in Wo is 

{V e C^"^ I dim{V n Fj^.i^ (C^H) = 
which has dimension 

(N - iWi + (4 - 4)4 + • ■ • + (4, - 4_J4J- 

So expected dimension is 



That is V is rigid and hence has generic underlying bundle. 
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{N - l)[-{s - ly + ^(iV - + (z^ - ^[)^', + ■■■ + (z',, - = 

{N - 1)[1 - dmi(moduli of V)], 
from the proposition 13 . 31 and which is {N — 1) in our situation. □ 

Remark 6.2. Parabolic bundles V on a curve C can be thought of as F = 
equivariant vector bundles W on a Galois cover X of C with Galois group T. The 
deformation space is therefore expected to be {H^ {X , End{}V))^ . It is clear with 
this formalism that if the deformation space of W is dimensional then there are 
no deformations of ©W as well. But one has to develop enough homological algebra 
and deformation theory to carry out this argument. 

Remark 6.3. Let £ be a rigid local system on — S* for S a finite set in the 
sense of N. Katz. If C is unitary, then the above shows that ®fLi^ has no defor- 
mations as a unitary representation and hence in the space of all representations 
(because of Weil's tangent space calculations The same result is true for any 

rigid local system C, again because of Weil's results. The result shown is slightly 
stronger because, parabolic bundles and unitary representations coincide only up 
to extensions. 

We prove a result which allows us to get inductive grip on semistable but not 
stable bundles. The theorem is the following: 

Theorem 6.4. Let J- be a semistable but not stable bundle whose weights at any 
point have differences less than 1 in absolute value. There exists a subbundle Q 
( resp a quotient Q) of T which satisfies 

(1) The slope (induced) of Q (resp Q) is the same as that of J-'. 

(2) R has no infinitesimal deformations inside of J- (a deformation which does 
not change its Schubert position with respect to the partial flag varieties 
corresponding to the parabolic fibers of J-'). 

(3) The Jordan-Holder Filtration of Q (resp. of Q)has exactly one simple fac- 
tor. 

Proof. The proof is quite general and applies also to moduli of vector bundles 
on a curve. In the parabolic case we ignore parts of the flags on parabolic bundles 
where the weights do not jump, and assume that the absolute values of differences of 
weights at any parabolic point are < 1. We prove only the statement for subbundles. 
The case for quotients follows by duality. 
Let A be one of the following 

(1) The abelian category of slope semistable bundles of a given slope /i on a 
smooth projective curve. 

(2) The abelian category of slope semistable parabolic bundles of a given par- 
abolic slope over a fixed curve and fixed parabolic points. 

In this situation by classical Jordan-Holder theory, for any ^ A, there is a 
filtration 

T = ToDTiD---dJ=;d Ts+i = 
with the graded quotients 
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simple (i.e stable) for / = 0, . . . , s. Such a filtration is not unique but the graded 
quotients are. But some uniqueness can be obtained as follows. Let T & A and let 
V be a simple object in A. Consider a maximal element Q of the set 



{Q CI T \ each graded quotient in the JH filtration of Q is isomorphic to V} 

Claim: Q has no infinitesimal deformations in J- (in the parabolic case the infin- 
itesimal deformation should be one preserving the parabolic structure) . 

If it did we will find a map 5 — > ^ in the category (tangent spaces to Quot- 
Schemes even in the 'obstructed case'). The image is a £ C ^ all whose Jordan- 
Holder graded pieces are isomorphic to V (being a surjective image of Q). Let C be 
the inverse-image in JF, this contains Q and all the graded pieces in the JH filtration 
are isomorphic to V, contradiction. □ 

Remark 6.5. Let V be a parabolic bundle such that the associated moduli space is 
M. We will call V polyrigid if is a point. But as a vector bundle with flags it 
might still admit deformations. For example one could vary along the Ext groups 
(see example 13 .Hf) . We will say that V has no deformations as a parabolic bundle 
if it has no deformations as a vector bundle with flags at the parabolic points (and 
where as usual we ignore parts of the flags where the weights do not jump). 

In the case T is polyrigid, we have stronger properties of Q produced above. 

Lemma 6.6. Now suppose T is a polyrigid semistable (with generic flags and 
generic underlying bundle). Let Q be as above and assume G =/= 0. We claim that 
the Witten bundle of Q d J- is polyrigid ( in fact has no deformations as a parabolic 
bundle). 

Proof. First note that under the conditions the parabolic bundle Q although not 
stable has no deformations as a parabolic bundle. This follows from lemma Ifi.ll 
above. The Witten Bundle for t/ C has associated flag varieties which are 
obtaining by (possibly) ignoring some parts of the partial flag varieties associated to 
Q as a, parabolic bundle. Hence the Witten bundles does not have any deformations 
as a parabolic bundle. Let us be explicit about the partial flag varieties: 

Point calculation: If the partial flag variety of T at pi is {rank{T) = n), i\ < 
■ ■ ■ < i'-f.^ = n and suppose dim{Gpi ^ ^i' {%>i)) — ""ai 

The partial flag variety for Q as a parabolic bundle (at pi) is 



Fa, C Fa, c • • • C Fa„ = Gp, 

where the A's are in the set {Uq}. To F{Q)^i the weight assigned is — 
if ^ u^a-l^ so the jumps can occur only in the set {uj,}. 



□ 



We next prove that direct sum of several copies of a polyrigid bundle is polyrigid. 
That is, it might have deformations as a parabolic bundle but the associated moduli 
space of parabolic bundles is a point. 
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Lemma 6.7. Let T be a polyrigicP^ semistahle bundle (with pairwise difference of 
weights at any point < 1). Then, T' — T ® ■ ■ ■ ®T (N-times) is polyrigid for any 
number of factors. 

Proof. By induction on length of Jordan-Holder series of T. Let Q = ©Ji^iV C T 
be the maximal subbundle with purely factors of the type V (V is rigid) as in the 
beginning of this section. 

Let g' = ®^^^g C T. 

The strategy is somewhat similar to the previous lemma. We show that Q' 
deforms with every deformation of T' and hence we reduce to T — ^ (which has 
generic flags), and we will be done by induction. The tangent space of Q' in T' is 
clearly dimensional so we need to show that the expected dimension of subbundles 
of the same Schubert position as T' is 0. We prove that from knowing that the 
expected dimension of subbundles with the same Schubert position as Q in T is 
(which is evidently so): 

Point calculation: If the partial flag variety of T at pi is [rankiT) = n), i\ < 
■ ■ ■ < iki = and suppose dim{Qpi n Fii^{Tp^)) = m^, then dim{Qp^ n Fffii^{Tp^)) — 
Nu''^, so if y; is the Ith Schubert Cell for g and Y/ , we have codi TO (y/) = N'^codim(Yi) 
So we have from the expected dimensionality of Q in T, 

rank{Q){n — rank{Q)) — degree{Q)n + degree{T)rank{Q) = codim{Yi) 
and the same equation if multiplied by N'^, gives the sought for condition on 

g'. □ 

In the proof of the previous theorem we have also shown the following: 

Lemma 6.8. Let T — Qd,n and suppose {<Jn, . . . ,(Ji!')d.D.n ^ 0, happening in 
Gr{r, n). Then we can scale this situation by N: Let ,P be subsets of {1, . . . , Nn] 
each of cardinality Nr given by 

(1) ^Ma^Nll 

(2) fNa-b = m[-bforO<b<N. 

Then {<Tji, . . . ,a-js)pfd,ND,nN 7^ 0, happening in Gr{Nr, Nn). 

Corollary 6.9. Polyrigidity is invariant under Grassmann duality. 

Proof. Suppose we are in the situation at the end of section 11.71 Assume that 
the Witten bundle of the Grassmann dual Q* is polyrigid. Let N{M2) be the 
Grassmann dual Witten Moduli space for f{N) (as in section on the saturation 
conjecture). We know that N{A42) is the set of deformations of ®;^^Q*, hence 
is a point by polyrigidity (and lemma I^TIl . Therefore f{N) = 1 because it is the 
space of global sections of a bundle over N{M2) and hence V is polyrigid. □ 

Lemma 6.10. Suppose V C T and corresponds to a polyrigid intersection (where T 
has generic flags at pi, . . . ,Ps). Suppose W C T and corresponds to a intersection 
dimension situation (that is, there are only finitely many subbundles of T with 
the same Schubert position as W) and W D V. Notice that the induced flags 
on W are generic. Then, V C W corresponds to a polyrigid intersection: If the 
Schubert position of V in W is K^, . . . , if* (with respect to the induced flags), we 
have (o-ifi, . . ■ ,crK-)d-degree{w),rank{W) 1 o-^d is polyrigid. 



^^That is, the corresponding moduli space of parabolic bundles is a point. 
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Proof. Clearly dim(V, W) = 0. We need to prove the polyrigidity property. If 
V C W were not polyrigid, then we will find a so that (let rank{V) ~ — 
r, rank{W) — rw,n — rank{T), = —degree{W)) 

hiN) = {<yNK^T ■ ■ ,(^NK^)d.N(d„-d.)+d,N(r^.-r)+r > 1; 

so we just need to show the 'injection' of this number into 

f2{N) — {(Jnii, ■ ■ ■ ,<JNI'')d,N{D~d)+d,N{n-r)+r- 

The idea is very similar to the arguments so far: let T{N)= GN{D-d)+d,N{n-r}+n 
take generic flags on it, and denote the subbundle corresponding to 

(o-jV/i , ■ ■ ■ : 0'NI')d,N{D-d)+d.N{n-r)+r = 1 

by V{N). The first thing to check is that the Grassmann dual Witten bundle 
to V{N) is a deformation of the "scale by N (see lemma 1^1^ " of the dual Grass- 
mann Witten bundle of V in T (together with the parabolic structure). Hence 
we find a W(iV) C T{N), W{N) D V{N) corresponding to Vi D V. Once again, 
the induced flags on W{N) are generic. This follows from dim{yV{N)^T{N)) — 
dim{W{N)/V{N),r{N)/V{N)) = N{dim(yV ,T) - dim[W /V ,r /V)) = 0, and 
dim{W(N) /V{N),r /V[N) = 0, so dim{W(N),r{N)) ^ 0, hence the induced 
flags on W{N) are generic. 

It is easy to check that deg{W{N)) = -d + N{~{d^ - d)), and rank{W{N)) = 
r + N{rw ~ f)i so the assumption fi{N) > 1, gives us atleast 2 subbundles of 
W{N) of degree and rank same as that of V which have the Schubert position 
NK^, . . . ,NK^. We just need to check that as subbundles of T{N), they have 
Schubert positions NI^, . . . , NI^ so that they contribute to f2{N) making it larger 
than 1. This finishes the proof. 

□ 

Lemma 6.11. Let V C T be from a polyrigid situation of the type: 

(CT/I, . . . ,(Jis)j^j) n ~ 1, 

Suppose G C V be as produced in the theorem |6'.^| the Witten Bundle structure 
on V. Then, the Witten bundle of G C T is polyrigid (in fact has no deformations 
as a bundle). 

Remark 6.12. The expected dimension of subbundles of T in the Schubert position 
of is (this is because dim{Q,V) — 0, dim{Q,V) = dim(Q,T)). 

Proof. The proof is really the same as lemma 16.61 It is important at the very 
outset, to ignore parts of the flag varieties of V where the Witten weight does not 
jump. □ 

6.1. Proof of Theorem mU Let (/\ d, £>, n) be a "Polyrigid Witten" 

situation. Let T — GD,n, V the subbundle and Q the quotient(with the Grassmann 
dual Witten structure). Suppose Q is not semistable. Apply the arguments of the 
Jordan-Holder section to Q* and produce a subbundle Q* with simple factors A. 
So we have the following situation (ignoring parabolic structures). 



c V c Vi c r 

with r/V = Q and T/Vi = Qi. 
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We also have that 

dim{Vi,C") = = diTn{Vi/V,T/V). 
(so Vi is a generic bundle too) 

From lemma 16.1 If after dualising) and lemma 16.101 that Vi is polyrigid, and 
V C Vi corresponds to a polyrigid intersection. Now the Witten bundle of the 
Grassmann dual of Vi may not have only one simple factor. But then we can 
iterate this procedure. This finishes the proof of theorem 14. II 
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